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AN ABSTRACT LAGRANGIAN FRAMEWORK FOR COMPUTING
SHAPE DERIVATIVES

ANTOINE LAURAIN'*®, PEDRO T.P. LoPES?® AND JEAN C. NAKASATO?

Abstract. In this paper we study an abstract framework for computing shape derivatives of func-
tionals subject to PDE constraints in Banach spaces. We revisit the Lagrangian approach using the
implicit function theorem in an abstract setting tailored for applications to shape optimization. This
abstract framework yields practical formulae to compute the derivative of a shape functional, the mate-
rial derivative of the state, and the adjoint state. Furthermore, it allows to gain insight on the duality
between the material derivative of the state and the adjoint state. We show several applications of this
method to the computation of distributed shape derivatives for problems involving linear elliptic, non-
linear elliptic, parabolic PDEs and distributions. We also compare our approach with other techniques
for computing shape derivatives including the material derivative method and the averaged adjoint
method.
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1. INTRODUCTION

In shape optimization the most commonly encountered problems consist of the minimization of a cost
functional with respect to a geometric variable, where the functional depends on the solution of a partial
differential equation (PDE) or a system of PDEs. Variational inequality-constraints have also been considered
but the literature on this topic is much more scarce, and the variational inequality is often regularized, which
leads to a sequence of shape optimization problems with equality constraints. We refer to the recent works
[14, 18, 20, 26, 28] and the references therein for more details on this topic. Thus, we observe that many shape
optimization problems fit into the framework of optimization problems with equality constraints.

Lagrangian methods are an efficient way to tackle such problems. Their use in shape optimization has been
pioneered by Jean Céa in [8] and was further developed by Delfour and Zolésio via a minimax formulation [12].
More recently, the averaged adjoint method (AAM) introduced in [34] has proven to be a versatile and efficient
Lagrangian-type approach to compute shape derivatives. Other approaches to compute shape derivatives include
the material derivative method [33], the rearrangement method introduced in [22], and more recently [4, 5] for
shape functionals defined as the infimum of an integral energy, using convex analysis and Gamma-convergence
techniques. We refer to [34] for a detailed discussion and comparisons of these methods. In view of the variety of
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2 A. LAURAIN ET AL.

possible approaches to compute shape derivatives, the questions of the scope, ease of use and relations between
these methods arise naturally. For instance, the recently proposed AAM is fairly general but requires to study
certain properties of the so-called averaged adjoint, which may lead to rather lengthy proofs. In this paper
we revisit the classical Lagrangian approach in shape optimization which allows us to answer some of these
questions; we focus in particular on investigating the relations between the material derivative method, the
classical Lagrangian approach and the AAM.

One viewpoint is particularly recurrent in the shape optimization literature: it is often argued that, unlike the
material derivative method, Lagrangian approaches allow to bypass the computation of the material or shape
derivative of the state (i.e., the solution of the PDE constraint). This aspect was emphasized in the pioneering
work [8], where the goal was to provide a fast formal method to compute shape derivatives. In [34], the explicit
motivation for introducing the AAM is to bypass the differentiability of the control-to-solution operator for
optimization problems with equality constraints. Our investigation sheds a new light on this prevailing opinion;
indeed we show in a fairly general setting that the adjoint and the material derivative equations are dual in
a certain sense, and that, under the regularity assumptions guaranteeing the existence of the cost functional
shape derivative, one also obtains the existence of both the adjoint and the material derivative of the state. The
main origin of this opinion is probably related to the standard technique for computing shape derivatives of cost
functionals, which is not based on a Lagrangian approach but consists in directly computing the shape derivative
of the reduced cost functional using the chain rule and the shape derivative of the state. A drawback of this
approach is that in low-regularity scenarios the cost functional shape derivative can frequently be computed
even though the shape derivative of the state does not exist, see for instance the example in [22]. Thus, bypassing
the computation of the shape derivative of the state using a Lagrangian approach seems to be advantageous
in these situations. Nevertheless, it turns out that in such scenarios the material derivative of the state usually
exists, although it might have a low regularity; this is due to the fact that the existence of the shape derivative of
the state requires stronger regularity assumptions than the existence of the material derivative. In fact we show
that, at least within the framework of the standard implicit function theorem, the material derivative comes, in
a certain way, “for free” when computing shape derivatives of cost functionals with PDE constraints. This leads
us to conclude that the point of Lagrangian approaches is not really to bypass the computation of the material
derivative, but rather to provide a straightforward way to compute the adjoint and the shape derivative of the
cost functional.

The implicit function theorem is a key ingredient for obtaining first-order optimality conditions in the theory
of optimization with equality constraints and Lagrange multipliers, and the core idea behind our approach is
to revisit the classical Lagrangian approach in shape optimization via this theorem. In shape optimization, it
is often used to compute the material derivative and indirectly the shape derivative of the solution of a PDE
or of an eigenvalue, but on a case by case basis, see [19] for several applications. For instance in the material
derivative method [33], the material derivative of the state and then its shape derivative are calculated first,
and subsequently the adjoint state is inferred, which enables the computation of the cost functional shape
derivative. The formal Lagrange method of Céa [8] also relies on the implicit function theorem and on the
assumption that the shape derivatives of the state and adjoint exist and belong to the solution space of the
state and adjoint, respectively. This approach may fail when the shape derivative belongs to a different space,
or when the regularity of the data is too low; see the discussion and example in Section 2.3 of [34].

The main contribution of the present paper is to provide a more systematic approach in the form of an abstract
framework for applying the implicit function theorem, within a Lagrangian setting, to compute derivatives of
shape functionals in the case of equality constraints, and to apply this method to study shape derivatives for
several problems, including nonsmooth and evolution equations. This allows us to gain insight on the underlying
structure connecting the material derivative of the state, the adjoint state and the shape derivative of the cost
function, and to explore with a greater accuracy the question of minimal regularity assumptions. Also, in this
paper we depart from certain standards of the shape optimization literature in two notable ways. First, in our
approach the focus is completely shifted to the material derivative instead of the shape derivative of the state.
Indeed, the material derivative of the state appears as a natural byproduct of the abstract Lagrangian framework
rather than the shape derivative of the state. Second, in the various examples presented in this paper we
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systematically favor weak forms of the shape derivatives using a tensorial representation in the spirit of [24, 25],
rather than the usual boundary expressions, also known as Hadamard formulas. Indeed, the corresponding
boundary expression can immediately be inferred from the distributed shape derivative using the techniques of
[24, 25]. Note that the weak form of the shape derivative, also called distributed shape derivative, requires in
general weaker regularity assumptions on the geometry, particularly when PDEs are involved. However, in certain
situations the boundary expression can be obtained while the distributed shape derivative is not well-defined,
for instance when the cost functional can be written using the Coarea formula. Another interesting feature of
the paper is to present two examples of second-order tensor representation for distributed shape derivatives,
thus giving concrete applications for the theoretical tensor representations of arbitrary order considered in [25].

In [34] it is claimed that in many situations the implicit function theorem is not applicable; it is nevertheless
unclear when exactly it can or cannot be used. Through the Lagrangian method in reflexive Banach space
described in the present paper and various examples and comparisons, the limits of applicability of the implicit
function theorem and the purpose of the various methods described above for computing shape derivatives
become much clearer. Our main conclusion is that the Lagrangian approach based on the standard implicit
function theorem is relatively straightforward and easy to use, but is limited to the case where a strong material
derivative exists. We show that the hypotheses of the AAM [34] and of the rearrangement method [22] are more
difficult to check but enable us to work with weak material derivatives. Still, we demonstrate that the abstract
Lagrangian framework covers a broad range of relevant situations. Its versatility is demonstrated here by the
application to the calculation of distributed shape derivatives for several problems involving linear elliptic,
nonlinear elliptic, linear parabolic PDEs, distributions, and cost functionals with higher-order derivatives.

The paper is organized as follows. In Section 2 we give several basic definitions and lemmas, and introduce
the notations used in the paper. Then, we describe the abstract Lagrangian setting and provide a theorem
for computing shape derivatives within this framework. In Section 3, we apply this theorem to several linear
and nonlinear elliptic problems, including problems involving distributions and cost functionals with second-
order derivatives, see Sections 3.3 and 3.4, respectively. In Section 4, we show applications involving parabolic
problems. In Section 5, we compare our approach with the AAM and the variational approach of [22]. We also
provide an Appendix A for technical results.

2. ABSTRACT LAGRANGIAN FRAMEWORK FOR SHAPE OPTIMIZATION

2.1. General notations and results

We start by introducing notations for first, second and third-order tensors, and recall some basic rules of
tensor calculus that will be used throughout the paper. For sufficiently smooth Q C R%, n denotes the outward
unit normal to Q. For vector-valued functions a,b,c¢ : Q — R¢ and second order tensors S : Q — R®*? and
T : Q — R4 whose entries are denoted by Si; and Tj;, the double dot product of S and T is defined as
S:T= Zf j=19i3Tij, and the outer product a ® b is defined as the second order tensor with entries [a ® b];; =
a;b;. We also introduce the following notations:

— ST for the transpose of S,

— tr for the trace of a matrix,

— I for the identity matrix in R4*9,

— Id :  — z for the identity in R?,

— Da for the Jacobian matrix of a,

— D?y for the Hessian matrix of a scalar function u :  — R,

— Dra := Da — (Da)n ® n for the tangential derivative on 052,

— divpa :=diva — (Da)n - n for the tangential divergence on 0f.

For third-order tensors S : Q — R%¥4¥4 and T : Q — R¥*4¥¢ whose entries are denoted by Sijr and Ty,
the triple dot product of S and T is defined as S ... T = szzl Sk Tijk- The outer product a ® T is defined
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as the third order tensor with entries [a ® T;;x = a;Tjx. Following the notations of [31], and using Einstein
summation convention,

— Sc represents the matrix with entries S; ¢y,
— Sbe represents the vector with entries S;;,b;cx,
— aSbc represents the scalar a;5;;b;c,. Notice that aSbe = (Sc)b - a.

Definition 2.1. Let S € R¥*%*? and T € R4*%*? he two third-order tensors satisfying
aSbe = bTea  for all a,b, c € RY.

Then we call T the transpose of S and write T = S'. Using indicial notations we have Tijx = Skij-

It can be shown that the transpose of S always exists and is unique; see Proposition 3.1 of [31]. Note that
STTT = S, but in general we have STT # S,

Lemma 2.2 (Tensor calculus). For Q C R? open, vector-valued functions a,b,c,d :  — RY, second order
tensors S, T,U : Q — R4 and third-order tensor S : Q — R4*4X4 e have

- S:(a®b)=a-Sb=STa-b=ST:(b®a),

- Sa®b)=Sa®b and (a®@b)S=a® STh,

- (a®b)c=(c-b)a,

~(a®@b): (c@d)=(a-c)(b-d)=(c®b): (a®d)=c-(a®d)D,
- ST:U=T:8"U,

~-STa:T=S: (a®T).

Let E and F' be two Banach spaces. For bounded linear operators we use the following notations:

— The set L(E, F') denotes the space of continuous linear maps from E to F'.
— The notation E* := L(E,R) is used for the dual space of E.
— We call A € L(E,F) an isomorphism if A is bijective. Due to the closed graph theorem A~! € L(F, E).

Definition 2.3 (Adjoint). Let F and F' be Banach spaces and suppose that F' is reflexive. We define the adjoint
of A€ L(E, F*), denoted by A* € L(F, E*), as

(A*g,h) g+ & = (Ah, g) F~ F.

Note that by the usual definition of the adjoint A* € L(F**, E*), but since F is reflexive we have A* € L(F, E*)
in Definition 2.3. The specific choice of A € L(E, F*) is motivated by applications to shape optimization
problems, see Section 2.3. The following property is a key ingredient for the Lagrangian method described
in Theorem 2.8.

Lemma 2.4. Let E, F be Banach spaces and suppose that F is reflexive. Then A € L(E, F*) is an isomorphism
if, and only if, A* € L(F,E*) is an isomorphism.

Proof. 1t is well-known that A : E — F* is an isomorphism if and only if A* : F** — E* is an isomorphism, see
Chapter 3, Section 3.3 of [23]. Since we have assumed that F' is a reflexive space, we have F** = F, with the
usual identification. O

When E and F are Hilbert spaces, we denote by E @ F the direct sum of E and F), i.e., the space of all
pairs (e, f) € E x F with the sum defined by (e1, f1) + (e2, f2) = (e1 + e, f1 + f2) and product with A € R by
Ae, f) = (Ae, Af). Tt is a Hilbert space with inner product ((e1, f1), (€2, f2))Exr = (e1,€2)E + (f1, f2)F-
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2.2. Shape calculus tools

In this section we recall standard notations and basic results about perturbations of open sets using diffeo-
morphisms and Eulerian shape derivatives. In this paper we use the velocity method [12, 33] to produce domain
perturbations. Alternatively, perturbations of the identity could be used; we refer to Chapter 4, Section 3 of [12]
and [24] for detailed discussions and comparisons between the two approaches. Let IP(D) be the set of open
sets compactly contained in D, where D C R? is assumed to be open and bounded. We define, for k > 0 and
0<a<l,

Ch(D,R?) := {# € C**(D,R?) | 6 has compact support in D},

and C¥(D,R%), C*(D,R?) in a similar way. Consider a vector field § € C%1(D, R%) and the associated flow
T? : D — D, s €0, 1], defined for each 2y € D as T?(z¢) := x(s), where z : [0, s;] — R? solves

#(s) = 0(x(s)) for s €10,s1], =x(0)= xo. (2.1)

Since 6 € C%(D,R?) we have by Nagumo’s theorem [29] that, for each s € [0,s], the flow T? is a home-
omorphism from D to D and maps boundary onto boundary and interior onto interior. To compute shape
derivatives, we only need to consider Ty in an arbitrary small interval [0, s1]. For 2 € (D), we consider the
family of perturbed open sets

Q. :=T%(Q) € P(D). (2.2)

Note that Qo = T§(Q) = Q, as T¢ = Id, and we usually write T} instead of T for simplicity.
Definition 2.5 (Eulerian shape derivative). Let J : P(D) — R be a shape functional.
(i) The Eulerian semiderivative of J at  in direction § € C%!(D,R?) is defined by, when the limit exists,

dJ(Q)(#) := lim J(8,) = I

lim . (2.3)

(i) J is said to be shape differentiable at € if it has a Eulerian semiderivative at 2 for all § € C°(D, R%) and
the mapping

dJ(Q): C(D,RY) = R, 6 — dJ(Q)(6)

is linear and continuous, in which case dJ(2)(0) is called the Fulerian shape derivative or simply shape
derivative at €.

We now introduce several notations and well-known differentiability results which will be often used
throughout the paper for the computation of shape derivatives.

Definition 2.6. Let Q € P(D), 0 € C}(D,R%) and consider the associated flow T, : D — D, s € [0, s1]. Then
we define the Jacobian £(s) := |det DT}| in D and the tangential Jacobian &p(s) := | det DT| - |DT; Tn| on 98
see (4.11), page 484 of [12]. For s; sufficiently small we have £(s) = det DT for all s € [0, s1]. For a matrix
Q € R4, we also define M(s, Q) := &(s)DT,1QDT;T.

Lemma 2.7. Let § € C*(D,R%), k > 1, and consider the associated flow Ts : D — D, s € [0, s1]. Let Q € P(D)
be Lipschitz and n be the unit outward normal to Q). Then

~ s &(s) € CH[0,51],CF (D)), £(0) = 1 and £'(0) = div(f);
~ s &r(s) € C1([0,51],C0(09)), &r(0) =1 and &-(0) = divp(0) := div() — (DO)n - n;
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s+ Ty € CH([0, 51],CH (D, RY));

~ s+ DT, € CL([0, 5], C*~Y(D, R¥*%)) with DTy = 1; and 0sDTy|s=¢ = DY;
s DT € C1([0, s1], € (D, R%4)) with 8,DT|,_o = —D8;

— If k > 2 then s v D?T, € C*([0, s1],CF~2(D, R4*dxd));

- M'(0,Q) := 9, M(0,Q) = div(0)Q — DIQ — QDOT.

Proof. Applying Theorem 4.4, page 189 of [12] in the particular case § € C¥(D,R?) for k > 1 we obtain that
s — Ty € CL([0,51],C*(D,R%)) which also yields the desired differentiability properties of s — DT, and
s+ D?Ty. Since DTy = I; we obtain s — DT, 1 € C1([0,s1],Ck=1(D,R4*?)) for s; sufficiently small. The
differentiability properties of s — £(s) can be found for instance in Theorem 4.1, page 482 of [12], and see
Section 4.2, page 484485 of [12] for s — &p(s). O

2.3. Abstract Lagrangian framework for shape optimization

Let Q € P(D), E = E(Q), F = F(Q) be two Banach spaces with F' reflexive, and consider a parameterization
€, defined by (2.2) for s € [0, 5] for some s; > 0 and 6 € C%!(D, R?). Shape optimization problems often consist
in the minimization of a shape functional .J : P(D) — R depending on a state us € E(£2,) defined as the solution
of a partial differential equation (PDE), which can be seen as a minimization problem with an equality constraint.
It is then common to reformulate the constrained optimization problem as an unconstrained optimization
problem with a linear penalization in the form of a Lagrangian functional £ satisfying J(£) = £(Qs,us,1ﬁ)7
where ¢ € F (Q5). The Lagrangian £ is composed of the cost functional and the variational formulation of the
PDE. The particularity of shape optimization problems is that a pullback ¥, is used in order to work on the
fixed open set 2 instead of . The pullback ¥ : E(Q;) — E(Q) or ¥, : F(Qs) = F(Q) often corresponds
to the precomposition U v(z) := v o Ts(x), where Ty : Q@ — Q; is a diffeomorphism, but can also be a more
complicated diffeomorphism, for instance when the spaces H(div) and H(curl) are involved; see [21]. Applying
these pullbacks to the Lagrangian, one defines the so-called shape-Lagrangian as

G(s, 0, 0) 7= £(Qs, U (), U1 (¥)) for all (s,0,9) € [0,51] x E(Q) x F(Q).
This yields in particular
J(Q,) = G(s,u®,1) for all % € F(Q), (2.4)
with u® := U, (u,) € E(9).

In this paper we consider the following specific form for G : [0,$1] X E x F — R for some s; > 0, which is
appropriate for shape optimization problems with equality constraints:

g(sa§07w) = <A(S7@)7¢>F*,F +B(5790)5 (25)
where
A:[0,81] x E— F* and B:[0,s1] x E — R.

Here, B arises from the shape functional J to be minimized, while A is derived from the variational formulation
of the PDE via the pullback V.

We can now state a theorem that will constitute the basis for computing and proving the existence of shape
derivatives for various applications including nonsmooth and evolution problems in reflexive Banach spaces.
Tts relevance is twofold. The first feature is to give the practical Formula (2.7) for the shape derivative of the
cost functional, (2.6) for the material derivative of the state, and (2.8) for the adjoint state, with only a few
natural conditions on the derivatives of A and B to verify. The second feature is to show the duality between
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the material derivative @ and the adjoint p, in the sense that @ € E always exists under these natural conditions
if the space E is “sufficiently large”; see the example of Section 3.3.

Theorem 2.8. Let G : [0,s1] x E x F — R be defined as in (2.5) with A € C}([0,s1] x E,F*), u € E be such
that A(0,u) =0 and B : [0,s1] x E — R be differentiable at (0,u). Denote by A(u) := 0,A(0,u) € L(E,F*),
L(u) := 0;A(0,u) € F* and B(u) := 0,B(0,u) € E*.

Suppose that the linear operator A(u) : E — F* is an isomorphism. Then, there exists so € (0,s1] and a
unique Ct function [0, s0] > s — u® € E such that u® = u and A(s,u®) = 0 for all s € [0, so]. Also, the derivative
u € F of s—u® at s =0 exists and u € E is the unique solution of

A(u)i = —L(u) € F*. (2.6)

Furthermore, let § € COH(D,RY), Qg defined in (2.2), and suppose that J(s) can be written as in (2.4). Then
under the above assumptions the shape derivative of J(Q2) in direction 6 is given by

dJ(Q2)(0) = 0:G(0,u, p) = (L(u), p)p+.F + 0:B(0,u), (2.7)
where the adjoint state p € F is the unique solution of
A(u)p = ~B(u) € B, (2.8)

and A(u)* : F — E* is the adjoint of A(u) : E — F*.

Proof. Since by assumption A(0,u) = 0 and 9,A(0,u) = A(u) : E — F* is an isomorphism, we can apply
the implicit function theorem ([39], Thm. 4.B, p. 150) and conclude that there exist so € (0, s1], an open
neighborhood U C E that contains u and a unique C' function [0, s0] 2 s — u® € U such that v = u and
A(s,v) =0 for (s,v) € [0, so] x U if, and only if, v = u®.

Since s — u® is C!, according to Theorem 4.B, page 150 of [39] we can take the following limit in the norm
of E:

Cout—u
lim
sN\0 S

=i = —[0,A(0,u)] 0. A(0,u) = —A(u) "' L(u) € E,

where we have used

A(s,u®) =0 for all s € [0,s0] = 95A(0,u) + 9,A(0,u)i = 0.

This shows that @ € F is the unique solution of A(u)u = —L(u) € F*.
Finally, in view of (2.4) and (2.5) we have, for s € [0, so],

J(Qs) = g(S,US,T/)) = <A(S,us),’(/)>p*,p + B(s,us), V’(ﬁ c L.

Let us assign ¢ = p, where p is the adjoint state defined by (2.8). Note that A(u)* is an isomorphism, as A(u)
is also an isomorphism, see Lemma 2.4; therefore the adjoint p exists and is unique. Hence, using that B is
differentiable at (0,u), we get

d d . .
dJ(Q)(@) = &J(QS)‘SZO = Eg(s’uéﬂp)lszo = 85g(0,u,p) + <6<Pg(07u7p)7u>E*,E
= 05G(0,u,p) + (0,A(0, u)t, p) p+ 7 + (0,B(0,u), 0) g~ £
= 05G(0,u,p) + (A(w)*p, W) g+ & + (B(u), W) g~k
=0 due to (2.8)

= <L(u)’p>F*7F + aSB(Ovu)a
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which proves (2.7). O

Remark 2.9. In the context of continuum mechanics and shape optimization, the solution @ of (2.6) is called
material derivative, and we will indeed refer to @ as the material derivative of u in the rest of the paper. We
observe that in applications the main quantity of interest is usually dJ(£2)(0) given by (2.7), which only requires
the computation of the adjoint p and not of 4. However, 4 comes “for free” in Theorem 2.8 in the sense that
the operators L(u) and A(u) appearing in (2.6) need to be computed anyway to get dJ(Q)(6) and the adjoint
equation (2.8).

Remark 2.10. Depending on the choice of spaces E and F, it may happen that either the adjoint equation
(2.8) or the material derivative equation (2.6) in Theorem 2.8 is formulated in a weaker form than expected, in
the sense that p or & may have lower regularity than what could be expected for a specific problem. Nevertheless,
higher regularity for p and @ may sometimes be subsequently obtained if B(u) and L(u) are in fact more regular
than B(u) € E* and L(u) € F*. We will see instances of such situation when applying Theorem 2.8 in the next
sections.

3. ELLIPTIC BOUNDARY VALUE PROBLEMS

In this section we present several applications of Theorem 2.8 to shape optimization problems involving
elliptic equations in variational form. We show how these equations are naturally associated with a function
A satisfying the assumptions of Theorem 2.8. In many applications, these assumptions arise naturally when
considering coercive bilinear forms. In Section 3.1 we explicitly compute the distributed shape derivative in
the case of linear second order elliptic equations with Robin boundary conditions. Though the results for this
case are standard, they illustrate our approach with a simple first example and provide a useful reference for
comparisons with more advanced applications. We proceed with the study of a second order quasilinear equation
in Section 3.2. In Sections 3.1 and 3.2 we present examples with £ = F', so that the material derivative u and
the adjoint state p have the same regularity. In Sections 3.3 and 3.4 we study two problems with E # F, which
results in different regularity properties for @ and p.

3.1. Second order linear equations.

Let Q € P(D) be of class Ct, § € C1(D,R?), the associated flow Ty : D — D and Q, := T,(f2) be defined as in
Section 2.2. Assume that f € H'(D), g € H*(D) and 8 € C!(D) satisfies 3(y) > 0 for all y € D; these relatively
strong assumptions are needed in order to apply Theorem 2.8. Let u, € H'(€,) be the weak solution of

d
— Y mi00us = f inQ,

ij=1
J (3.1)
Z nim;;0jus + Pus =g  on 0,
i5=1

where n is the outward unit normal vector to €2;. The matrix M = (m;;) € R*? is a positive definite symmetric
matrix with constant coefficients. Recall that a weak solution of (3.1) is a function us; € H*({)s) that satisfies

/(ZSMus~us¢+LQSﬂusw/stw/msgw0,
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for all ¢ € H(€,). Let us use the pullback W4(v) = v o Ty to define 8% := Bo Ty, f*:= foTy and g° := goTs.
Moreover, we define Ag(s) : HY(Q) — H'(Q)* and A;(s) € H*(Q)* by (see Def. 2.6)

(Ao ()0, %) 1 () w111 (02) ::/QM(&M)V@'Vl/J‘F/m B &r(s),
(A1(8): V) 1y () °= /Qfswf(s> +/89981/J§r(5)-

Then the weak solution us is the only function that satisfies A(s,u®) = 0, where u® = us 0 Ts and A(s, ) :=
Ao(s)¢ — A1(s). Our smoothness assumptions imply that A € C1([0,s1] x H (), HL(Q2)*).

Let E = F = H'(Q) and u = u°. The linearity of Ay(s) implies that 4 = A(u) := 8,.4(0,u) = Ay(0) is given
by

(Ap, By pe = (Ao(0)@, ) pe o = /Q MV -V + /8 B, (3.2)

and is associated to a coercive form ([2], Satz 7.37). Hence A : H'(Q) — H(Q)* is an isomorphism, by Lax-
Milgram theorem, and A satisfies all conditions of Theorem 2.8.

Since g € H?(D), the function s +— ¢° is differentiable in H'(D) by Lemma 5.3.9 of [19]; then, s — ¢° is
differentiable in H'/2(0Q) due to the continuity of trace operator on a C' open set . By Lemma 2.7 and
the assumption § € C'(D), the differentiability of s — [, B3 &r(s) and s +— [, g*¥ér(s) follows and the
derivative L(u) := 05.A(0,u) € F* is given by

(L@ b)pe = [ MOMVu-Vo— [ 700+ [ (Bu= g divr(6) + vV Vo) -0,
Consider the following cost functional J : P(D) — R defined by
1 2
J(Q) == [ |[Vul. (3.3)
2 Ja
We define B : [0, s1] X E — R associated with J, using the pullback ¥y, as
1
B(s, ¢) := 5/ DT, "V - DT, "VE(s).
Q
We have B € C1([0,s1] x E,R) thanks to Lemma 2.7. Moreover,
(B0).9) - = (050, §)r = [ Tu- Vi (3.4)
Q
By (3.2), (3.4) and (2.8), the adjoint state p € E' = F is the unique solution of
/MVp-Vgﬁ-i- ﬁp@z—/Vu-ng for all p € E.
Q a0 Q
Finally, equation (2.7), Lemma 2.2 and Lemma 2.7 yield the following result.

Proposition 3.1. Let Q € P(D) be of class C*, 6 € CX(D,R%), f € HY(D), g € H*>(D) and 3 € C1(D) satisfy
B(y) > 0 for all y € D. Then the shape derivative of the cost functional (3.3) subject to the constraint (3.1) is
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given by

dJ(Q)(0) = / So-0+S8:D0+ | Sor-6+Sip:Dré,
Q o

with Sy € L*(Q,RY), Sy € LY (Q,R>Y), Sy € LY (9, RY) and Sy 1 € LT (09, R*?) given by
SO = _pvfa
1
S1=-Vp®R® MVu—-Vu® MVp—Vu® Vu+ {MVU'V}) fp+ §|Vu|2 14,

Sor = p(uVp - Vg),
Sir = [(Bu — g)plla.

3.2. Second order quasilinear equations

In this section d is either 2 or 3. We suppose that the set Q € P(D) is Lipschitz and convex, 6 € C}(D,R%)
and the associated flow T, = T? : D — D and €2, := T,(Q) are defined as in Section 2.2. Here we consider the
following non-linear problem:

—div (m(y, us)Vus) + f(y,us) =g in Q;,

3.5
us =0 on 0Q. (3:5)

Our assumptions are that g € HY(D), m, f : D x R — R are of class C? and there exist constants ¢y, co,c3 > 0
such that

c1 <m(y,r), co <min{d,.f(y,r),0-m(y,m)},cs > max{0,.f(y,r),drm(y,r)},¥(y,r) € D x R. (3.6)

If s =0, then Q¢ = Q and the assumptions imply that (3.5) has a unique weak solution ug, see Theorem 2.1 of
[7], and ug € HE(Q2) N H2(R2), see Corollary 2.5 of [7].
The variational formulation corresponding to (3.5) may be written as

[ mld¥us Vot [ )i —go =0 forall v e ().
Qs Q,

In order to work with variables in the fixed space Hg (£2) we use the pullback Wy : H} () — HY(Q),v + voTy;
see Section 2.3. Let E = F = H}(Q) and E* = F* = H-(Q). We define A: [0,51] x E — F* as

(A3, ), ) e o 1= /

m(y,onil)V(onJl)-V(ons’l)Jr/ f,ooT Yo Tyt —gpo T
Q. Q.

Performing the change of variables « — Ts(z), using the chain rule and Definition 2.6 we get
(A(s,0), ) P = /Qm(Ts(I% Q)M(s, Ia)Ve - Vi + f(Ts(x), )vE(s) — g°vE(s), (3.7)

where g° := go Ty, and M(s, I) is defined in Definition 2.6. Notice that A is C!; indeed by Lemma 2.7 and the
fact that f is C2 and g € H'(D), it follows that A is differentiable at (0,u) := (0, ug). In particular, we have

(AW)@, ) pep = (0o A0, u) (), Y) P = /Q&«m(xa w)gVu -V +m(z,u)Ve - Vb + 0, f(z, u) .
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In view of Remark 2.7 in [7], A(u) : H}(Q) — H~(Q) is an isomorphism.
Let ug € H'(D) and introduce the tracking-type cost functional J : P(D) — R as

J(Q) = %/Q(u —ug)?. (3.8)

We introduce the corresponding perturbed cost functional

Bs.9) 1= [ (¢ = uo %)

and compute
(B).¢) 5+ 5 = 0,50.0(%) = [ $lu=ua).
Then B(u) € E* = H~1(Q) since u € H}(Q)NH?(2) and uy € H*(D). We also have using (3.7) and Lemma 2.7:

(L(u),¥) pe = (05 A0, 1), %) pu o = /Qm(sc7 w)M'(0,1)Vu - Vi) + Vom(z,u) - 0Vu - Vi

+ / flz,u)p divl + Vi f(z,u) - 61p — div(g)e.
Q

The function L(u) belongs to F* due to the regularity assumptions. Indeed, since v € H}(Q) N H?(Q) and d = 2
or d = 3, by Theorem 3.8, page 66 in [30]' we have that u € CO*(Q) for all 4 < 1if d =2 and u € C%2(Q) if
d = 3. Thus, with the fact that m is C2, we get that m(z,u)M’(0, I4)Vu is in H'(Q). We point out that the
other terms are in L?(f2) by analogous arguments.
Also, the partial derivative of B with respect to s at (0,u) exists thanks to Lemma 2.7 and the regularity of
ug, thus we can apply Theorem 2.8. We obtain the existence of the material derivative @ € F' satisfying (2.6).
The shape derivative has the expression

dJ(Q)(6 (1), p) - + 05 BB(0, w)

/mxu "(0,15)Vu-Vp+ Vym(z,u) - 0Vu - Vp

1
flz,u)pdivd + pV, f(z,u) - 0 — div(gf)p + i(u —ug)?div(0) — Vug - 0(u — ug),
Q
where the adjoint p € F = H{ () is the unique solution of (2.8), which can be written explicitly as
/ m(z,u)Vp - V@ + Orm(x,u)pVu - Vp + 0, f(z,u)pp = —/ Olu—wug) forall ¢ € E.
Q Q

Finally, using the tensor relations of Lemma 2.2 we obtain the following result.

Proposition 3.2. Let d =2 or 3, Q € P(D) be Lipschitz and conver, § € C1(D,R?), m,f: D xR — R be
of class C? and suppose there exist constants ci,co,c3 > 0 such that (3.6) holds. Then, the distributed shape

TTheorem 3.8 of page 66 in [30] states that if  is Lipschitz, p > 1,kp >nand u =k — (n/p)ifk—n/p <1, u<1lifk—n/p=1

or p=1if k —n/p > 1, then W*2(Q) c C%#(Q) algebraically and topologically.



12 A. LAURAIN ET AL.

derivative of the cost functional (3.8) subject to the constraint (3.5) is given by

dJ(Q)(0) = [ So-6+ S, : Do,
Q

with Sy € L*(Q,RY), S; € LY(Q,R¥*), defined as

So = (Vu - Vp)V,om(z,u) + pV, f(z,u) — pVg — (u — ug) Vug,

1
S1 = —m(x,u)(Vp® Vu+ Vu ® Vp) + [m(m, w)Vu-Vp+ f(x,u)p—gp+ §(u —ug)?| 1.

3.3. Shape derivatives for elliptic problems involving distributions

In Sections 3.1 and 3.2, we have encountered situations where £ = F'. In fact, in those sections the spaces
were, respectively, H1(2) and H{ (£2), which are natural spaces when considering second order elliptic equations.
However, when the right-hand side of the PDE is less regular than the regularity considered in Sections 3.1
and 3.2, the condition A € C*([0, s1] x E, F*) of Theorem 2.8 fails to be satisfied if one attempts to work with
HY(Q) or H}(Q). A remedy is to work with the larger space E = L%(), the counterpart being that F must then
be a subspace of H*(Q) or H}(Q). An interesting consequence is that the material derivative is then only in
L?(Q2), while the adjoint is more regular than H*(£2). To be more precise, in this subsection we study Poisson’s
equation with Dirichlet condition, with E = E* = L?(Q), and F = H?(2) N Hg(£2); note that in Section 3.4 we
study the converse case where F' is equal to L?(2) and F is a subspace of H}(Q).

Let Q € P(D) be of class C%, § € C3(D,R%), the associated flow T, : D — D and Q, := T,(f2) be defined
as in Section 2.2. Let h be a given function in H!(D) such that h € H?(w) where w is an open set satisfying
02 C w C D. This implies that 092, C w for all s € [0, s1] as long as s; is sufficiently small. We consider the
problem of finding the solution us € Hg(Qs) of

/ Vus - Vo = / Vh - Vv + ho, for all v € HJ(Qs). (3.9)
Q. Q

s

Note that the right-hand side of (3.9) defines a distribution in H (). The fact that Vh is only in L?(D)
precludes the direct application of Theorem 2.8. Noticing that the restriction of h € H'(D) to , belongs to
H'(€y), Green’s formula yields

/ —usAv = / —hAv + hv + hd,v, for all v € H*(Q,) N Hy(Qs), (3.10)
Qs Qs Qs

where ug is the solution of (3.9).
Proceeding in a similar way as in Section 3.1, we introduce, using the pullback ¥4(¢)) = ¢ o Ty in (3.10), the
function A : [0, $1] X E — F* defined as

(A5, 0), ) e 1= / (o T, AW T ) — / ChA@ O TN + h($ o TS )

Qs Qs

7/ hv(q/}OTsil) c N,

a9,

where ng denotes the outward unit normal vector to 5. Using the change of variables x — T(z) we get
A ) )= | =AW T oTel(s) = [ AW T o T+ 1UIE(s)

- / h*[DT; TV - ng o Tsér(s),
(o9}
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with h® := hoTs,. As 6 € C3(D,R%) and + € H?(f), Lemma 2.7 and Lemma A.l1 imply that
A€ CH[0,s1] x E, F*).
Next, we define the operator A : E — F™* as

M¢wpf:4mAmw@»wwf:A—ww.

It is known that the adjoint operator A* : F = H?(Q) N H}(Q) — E* = L?(Q) is an isomorphism, see for
instance [6], consequently the operator A : E = L?(Q2) — F* is also an isomorphism.

We have that 0s(ns o Ts)|s—0 = —Drf'n; see Lemma 5.5, p. 99 of [38]. Then, using (A.2), the fact that
Vi) = (0,)n as 1 is equal to zero along 95 - recall that ¢ € F = H?(Q) N Hi(Q) - and &-(0) = divp(0) (see
Lem. 2.7), we compute

(L(u), YY) p= p = (05 A0, w), ¥) p=
:i/(h—uX—ﬂﬁw:LW—(A@-Vw)—uA¢dW9—:/(—A¢+¢Q&vM@
Q Q

- / OnYVh -0 + hop(divp(0) —n - Dén —n - Dpén).
g —

Considering the regularity of u, 1, 6, we have indeed L(u) € F*.
Now we consider the cost functional J : P(D) — R given by

ﬂm=/7@w, (3.11)
Q
where F € C}(D x R). We assume that there are positive constants ¢y and ¢; such that:
max {Sup |F(z,7)|, sup |Vz.7-'(x,r)} <co+ar?, (3.12)
z€D z€D
sup |0pF (z,7)| < cg + c17. (3.13)
€D

Example 3.3. Let ug € C1(D). It is easy to see that F(z,r) = r — ug(z) and F(z,r) = (r — ug(x))® satisfy
conditions (3.12)—(3.13). If a € [1,2], we can also define F(x,7) := |[r — ug(x)|**®. In this case, its derivatives

OrF(z,r) = (1 + a)sgn(r — ug(x))|r — uq(z)|*,
VeF(x,t) = (14 a)sgn(r — ug(x)) |r — uq(z)|” Vug(z),

satisfy (3.12)—(3.13). Above, sgn denotes the sign function.

We introduce the following perturbation of J:
Bg)i= [ FlapoTs) = [ FT@). o).

The proof of the following result is given in the Appendix A.
Proposition 3.4. The function B belongs to C1([0, s1] x E,R).
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Using Proposition 3.4 and Proposition A.3 (see the Appendix A) we get

(B(u), @) g = 0,B(0,u)(@) = /Q 0, F(x,u)$.

Applying Theorem 2.8 we obtain that the material derivative @ is the unique solution of (2.6), i.e., u € E =
L?(9) is solution of

/ —iAY = — / (h —u)(—2D%) : DO — (AB) - Vap) — uAdp divf + / (= Ay + ) div(h6)
Q Q Q

+ / On YV h - 0 + hopp(divp () —n - DOn)  for all ¢ € F.
o0

The adjoint state p € F' is the unique solution of
(A*p,P)p+ g = —(B(u),p)p~g forall p € E.

This means, using (A*p, @) g+ g = (p, AP) p+ F, that p € F is solution of

/ pAp=— / 8, F (z, ).
Q Q

We observe that p € F = H2(Q) N H () whereas 4 only has the regularity L?(2).
Finally, Theorem 2.8 and Proposition A.2 yield the shape derivative

dJ(Q2)(0) = (L(u),p)p+ r + 9sB(0, u)

= /Q(h —u)(—=2D%p: DO — (AB) - Vp) — uApdiv 0 — (—Ap + p) div(ho) (3.14)

- OnpVh -0 + hopp(divp(0) — n - DOn) + / VoF(z,u) -0+ F(x,u)div(0).
o9 Q

Thus we have obtained the following result.

Proposition 3.5. Let Q € P(D) be of class C%, 6 € C2(D,R%), and suppose that h € H*(D) is such that
h € H%*(w), where w is an open set satisfying OQ C w C D. Then, the distributed shape derivative of the cost
functional (3.11) subject to the constraint (3.9) is given by

dJ(Q)(@) = / Sop-0+S1:D0+ 855 . D30 + S())F -0+ Sl,p : D6, (315)
Q o0

where Sy € L (Q,RY), S; € LY(Q,R*9), Sy € LY (Q, R¥>*¥¥9) and Sor € L (09, R%), S1 1 € LY (99, R*?) are
given by

So = Vo F(x,u) + (Ap — p)Vh,
Sy =2(u— h)D?*p + [h(Ap — p) — ulp + F(x,u)] 14,
Sy =(u—h)Vp® Iy,

So,r = —0npVh,

Sir = —ho,p(Ig —2n Q@ n).
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Proof. In view of (A.6) and Lemma 2.2 we have

(u—h)(A0) - Vp = (u—h)tr(D?*0"Vp) = (u—h)D?0"Vp: I, = D?*0 . ((u— h)Vp® I).
In this way we have identified the third-order tensor Ss. The tensors Sy, S are easily calculated using Lemma 2.2
and (3.14). The regularity of Sp, S1,S52 and Sop,Sir is an immediate consequence of the regularity of F,

p€ HY Q)N HYQ), u e H (), h € HX(w)NHYD), IQ C w, and § € C2(D,RY).
Regarding 51, we observe that

hopp(divr(0) — n - DOn) = hd,p(div(0) — 2n - DOn) = ho,pDE : (I; — 2n @ n),
which yields the result. O

3.4. Cost functional involving a second-order derivative

Let Q € P(D) be a domain of class C2, 6 € C2(D,RY), the associated flow T, : D — D and €, := T5(Q2) be
defined as in Section 2.2. The example of this subsection also features E # F' and can be seen as the converse
of the example of Section 3.3, in the sense that the adjoint is only in L? while the material derivative has
H?-regularity. Using the fact that Q is of class C2, a solution v € H?(Q) N H}(Q) of Poisson’s equation for
f € HY(D) satisfies, using Green’s formula and the density of H}(Q) in L?(f2), the following:

/ —vAu = / fv, for allv € L*(Q). (3.16)
Q Q

This motivates the definition of F = F* = L2(Q2) and E = H?(Q) N H(£2). Proceeding as in Section 3.1, we con-
sider the same problem in 5 and using a change of variables z — Ts(z) we are led to define A : [0, 1] x E — F*
as

(A(s, ), B = /

QS

Y oT  A(po T — fpo Tyt = /Q _UA(po TN o Tue(s) — f o Tu(s).

Using Lemma 2.7 and Lemma A.1 (see the Appendix A) we immediately obtain A € C1([0,s1] x E, F*). Let
u® € E be the solution of

A(s,u®) = 0. (3.17)
The operator A := 9,A(0,u), u = u, is defined by
A:E— F*,

<pb—>(F9¢»—>/Q—wA<p>.

Note that A : E — F* is an isomorphism since 2 is of class C2.
We also compute, using (A.2) of Lemma A.1,

(L(u), ) e i 1= (Do A, ), ) oo g = /Q W(2D%u : DO+ (A9) - V) — pAudiv — div(f0).  (3.18)
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Consider now the cost functional J : P(D) — R given by

J(Q) = %/Q|D2u|2, (3.19)

and the corresponding perturbed functional

Bsg)i=g [ IDHoo TR = 5 [ D00 T o 1),

Note that B(s,u®) is well-defined for all s € [0, s1] since u® € E. Using ¢ € F and (A.1) we obtain

1
0sB(0,u) = / [-DO" D*u — D*uD6 — D*0"Vu] : D*u + 5|D2u\2 div(). (3.20)

Q

We also compute
(B(u), @) g+ 1 = (0,8(0,u),p)p 5 = / D?u: D*¢.
Q

The adjoint of A is given by
A" F — E*,

pH<E9wH/—pA<p>7
Q

and the adjoint equation (2.8) may be written as
/ —pAp = —/ D?*u: D% for all p € E,
Q Q

and this yields the regularity p € F = L?(Q).
The equation for the material derivative (2.6) corresponds to

/ —pAu = —/ Y(2D%*u : DO + (Af) - Vu) — pAudivd — 1 div(f6) for all ¢ € F,
Q Q

yielding the regularity @ € E = H%(Q) N HJ ().
Finally, Theorem 2.8, (3.18) and (3.20) yield the following expression for the shape derivative:

dJ(Q)(0) = (L(u),p) r+,F + 0sB(0,u)
= / p(2D?u : DO + (Af) - Vu) —pAudivl — pf div(d) —pV f -0
Q

=0 due to —Au=f

(3.21)

1
+ / [-DO" D*u — D*uD@ — D*0"Vu) : D*u + §|D2u|2 div().
Q

Using Lemma 2.2 and D?u’ = D?u we compute

DOTD?u : D*u = (DT D*u)" : (D?*u)" = D?*uD@ : D*u = DO : (D?u)?,
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and (D20"Vu) : D?>u = D?@ . (Vu ® D?u). In view of (A.6) and Lemma 2.2 we also have
p(A0) - Vu = ptr(D*0"Vu) = pD?0"Vu : I; = D*0 . (pVu @ I,).

Using the regularity p € L*(Q) and u € H%(Q) N H}(2), we obtain the following result.

Proposition 3.6. Let Q) € P(D) be a domain of class C2, § € C2(D,R%) and f € HY(D). Then, the distributed
shape derivative of the cost functional (3.19) subject to the constraint (3.16) is

dJ(Q)(0) = / So-0+4S1: DO+ Sy ... D0, (3.22)
Q
where Sy € LY(Q,R%), S; € LY (Q,R4*9), Sy € LY(Q, R¥*4*) are given by S = —pV f,
Sy = 2pD?*u — 2(D?u)?* + %|D2u|2Id, and Sy = —Vu ® D*u+ pVu ® I,.

Remark 3.7. Propositions 3.5 and 3.6 show that the second-order terms D?@ appear in the shape derivative
dJ(£2)(0) due to the presence of second-order derivatives in either A or B.

4. LINEAR PARABOLIC EQUATIONS OF SECOND ORDER

Let 2 € P(D) be of class C%, 6 € C2(D,R?), the associated flow Ts : D — D and Q; := Ts(f2) be defined as in
Section 2.2. We assume that M € C*([0, to] x D, R?*9) is a symmetric and uniformly positive definite matrix, that
is M(t,y) > Cly > 0, for all (¢,y) € [0,t0] x D and some constant C' > 0. Suppose also that f € L?(0,to; H*(D))
and g € H'(D). The dual pairing between H () and Hg (£2,) is denoted by (-, '>H*1(Qs),H3(QS)'

In this section we employ the following spaces:

E = L*(0,t0; HY (Q)) N H'(0,t0; H (),
F:=L*0,to; Hy(Q)) ® L*(),
F* o= L*(0,t; H 1 (Q)) & L*(Q).

We recall that E is a subset of C([0,to], L?(Q2)), see Section 3, Chapter 1 of [27]. Hence u(0) € L*(Q) is well
defined for each u € E. The dual pair (-, ") . r» is defined as

to
<(p7q)v(w17w2)>F*,F:/O <p71/}1> 1(Q), HI(Q) dt+‘/§2q¢2dx

We consider the following linear parabolic equation:

Opus —div (MVug) = f in (0,tg) X s,
us =0 on (0,f) x 08, (4.1)
us =g in {0} x Q.

Associated to (4.1), we have the map

L?(0, to; Hg () N H' (0, t0; HH(Q)) — L*(0,to; H ' (€2,)) & L*(€2),
— (Opus — div(MVuy), us(0)),
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which motivates the definition of the spaces F and F.

A weak solution us € L*(0,t0; Hi(Qs)) N HY(0,t0; H~(Qs)) of (4.1) is a function that satisfies (Qpus —
div(MVus),us(0)) = (f,g). This is equivalent to

et ), ¥) sy g + [ MOT T = (0 9)-v0, mj

us =g in {0} x Q,

(4.2)

for all ¢ € H}(Qy) and a.e. t € [0,to]. The assumptions on M ensure the existence of a unique weak solution u
of Equation (4.1); see Theorem 4.1 of Chapter 3 in [27].

As in the previous subsections, we define the function A via a pullback. First of all one needs to recall the
definition of pullback for distributions; see Definition 3.19 in [17].

Definition 4.1. The pullback of distributions W : H=1(9,) — H~1(Q) is defined by
<\I’s(h)’ 1p>H*1(Q),Hé(Q) = <h7 g(s)_llp © TS_1>H’1(QS)7H§(QS) V’(/) € Hé(Q)a
with h € H=1(£,). The associated superposition operator ¥, is defined by

W, HY(0,to; HH(Qy)) — HY(0,t0; H1(2)

_ ) (4.3)
v [t (Us0) () = Pe(v(t))].

Remark 4.2. When restricted to LQ(Qi), U, corresponds to the usual pullback W, (h) = ho T, if h € L2(Qy).
Notice that the superposition operator Vs can also be defined as in (4.3) for other classes of functions such as
U, L2(0,t0; HY(Q4)) — L?(0,t0; HX(Q)).

Now define the transported solution u® := W u, € L*(0,to; Hy(Q2)) N H'(0,t0; H~'(£2)). It can be shown that
the superposition operator ¥, and the partial derivative d; commute, i.e., we have

O’ (t, ) = O [(Vsus)(t, 2)] = Vg [Opus) (¢, 2).

Introduce the notations f* := W, f and g° := W,g. Using a precomposition with ¥, in (4.2) and using (4.3), we
obtain that u® is the unique function satisfying, for a.e. t € [0, to],

(€(s)ou’(t), ¢>H*1(Q)7Hé(§2) + /Q M(s, Ms(t))Vu'(t) - Vip = <£(S)fs(t)7w>H*1(Q)7H$(Q) )
u®=g¢° in {0} x Q,
for all ¢ € H}(Q), where we have used Definition 2.6 and the notation M,(t) : D — R*? given by
M (t)(x) := M (t, Ts(x)). (4.4)

The assumptions on the matrix M and the Lax-Milgram theorem ensure the existence of an isomorphism
Hs(t) : HH(Q) = HH(Q), s € [0,s1] and t € [0, to], satisfying

(80,0 12 s = /Q M(s, M()) V- Vi
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For each s € [0, 1], we denote by Ay(s) : E — F* the operator given by:
(Ao(s)p)(t) := ( &£(5)0ep(t) + Hs(t)p(t), ©(0)E(s) ). (4.5)
Let us define the operator A : [0, s1] x E — F* by
A(s, ) = Ao(s)p — Ai(s), (4.6)

where A; (s) := (£(s)f%,£(s)g®) € F* is given by

§) (b, o) = /0 i /Q E(s)f* 1 + /Q E(8)g°0a, (1, 0hs) € F

Note that A(s,v) = 0 if and only if v = u®, that is, the solutions of .A(s,v) = 0 are precisely the weak solutions
of the parabolic equation (4.1) after the precomposition u® := Wus.
Gathering the above information, we obtain the following result.

Theorem 4.3. Under the above assumptions, the function A belongs to C*([0,s1] x E, F*) and A := 9,A(0,u) :
E — F* is equal to Ag(0) and is an isomorphism.

Proof. Observe that for ¢ = (¢1,12) € F, we have
<A(57<P)»1/J>F*,F = <A0(3)80a1/1>F*,F — (Aw(8), V) p- F
= [ o0 g+ [ [ MOV Ty

/ e+ [ oo = [ guncco).

Using Lemma 2.7, the assumed regularity f € L?(0,to; H*(D)) and g € H'(D), we can formally derive the terms
inside the integrals of Equation (4.7) to find 0,.A(s, ¢) and 05A(s, ). It is not difficult to see that the formal
computation leads to the right Fréchet derivatives and that these derivatives are continuous.

However, the term fgo (€(8)0up(t), Y1) -1, H () Tequires a little more attention, since we are dealing with
distributions. Formally we have that

to tD
s / 8)0p(t), V1) 1), Hi () = /0 (€' ()0up(t)s 1) gr—1(0), 13 () -
Using the notation Fy := L%(0,to; H*(Q2)) and Fy := L?(0,t9; H1(Q)), we need to show that

(s +h) —&(s)

}lligb 12(h) el pe =0 where  z(h) := =—7—"— — £'(s).

In view of Lemma 2.7 we have ¢ € C°([0, so],C*(D)), therefore

to
< / 100l - 12z ey

to 1/2 to
<([T10tio@) ([ 1l )

< Cl9rpll ¢ 120 e ¥ 1 .

to
/0 <z(h)5t307¢1>H*1(9)7H5(9)

1/2

Fr
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for some constant C' > 0. Hence it follows that

sup

Fr
l1llry <1

to
/O <Z(h)8t@a¢1>H—1(Q)7Hé(Q) < C||at(p|

() ler -

Again, as & € C°([0, so],CH(D)) we get limy_o [2(R)]l¢1 @) = 0; this proves that limy,_o Hz(h)@tcpHFf =0.
Finally, in view of (4.6) and the linearity of Ay(s) in ¢, we see that A := 0,.A4(0,u) = Ao(0), where

Ao(0)p(t) := ( dup(t) + Ho(t)p(t), #(0) ).

Consequently, the operator A : E — F* is an isomorphism by the maximal regularity of parabolic equations;
see for instance Theorem 4.1 of Chapter 3 in [27]. O

4.1. Adjoint state equation

In this section we obtain the equation for the adjoint state, for two different cost functionals. Unlike the
problems studied in the other sections, the adjoint equation in the parabolic case requires an integration by
part in time to become more explicit. In this section we still assume that f € L?(0,to; H'(D)) and g € H*(D).
Recall that Q € P(D) is of class C? and u® € E is the solution of A(s,u*) = 0.

4.1.1. Adjoint for the first cost function
Let ug € L?(0,to; H*(D)) and consider the cost functional J; : P(D) — R given by

n@)=3 [ ’ R (48)

Using the change of variables Q 5 x — Ts(z) € Q, we obtain

@) =5 [ [ =g [7 [ wonyie.

Thus, we define the function B € C1([0, s;] x E,R) by

B3 [ [ o=uaoTre (19)

and we compute

(Bu), &) g g = (0oB(0, 1), $)- 5 = / ° /Q B — ug).

Hence, the linear form B(u) € E* can be identified with (u — ug)|q € L%(0,to; L2(£2)).
In view of Theorem 4.3, A := 9,A(0,u) : E — F* is an isomorphism and we can apply Theorem 2.8. Hence,
there exists a unique solution (p, q¢) € F to the adjoint state equation

(A(p, @) P g g = —(B(u), @) p  forallpe E. (4.10)

We now seek an explicit expression of the adjoint equation.
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Lemma 4.4. The solution (p,q) € F of (4.10) satisfies p € E = L*(0,t0; HZ () N H(0,t0; H1()) and
q = p(0), and is the unique weak solution of the following backwards parabolic equation with terminal condition:

—Op — div (MVp) = —(u—uq) in (0,t9) x £,
on (0,19) x 08, (4.11)
m {to} x €.

Proof. We have by definition of A* and (4.10) that
(A, (p,@)) e p = — (B(u), p) -y forall p € E.

This is equivalent to, using the fact that ¢(0) € L2(2) due to E C C([0, to], L?(12)),

to to to
/ <8t<p,p)H,1(Q),Hé(Q) dt +/ /QMVgo -Vp + /Q 0(0)g = —/ /ng(u —ug) for all p € E. (4.12)
0 0 0

Now let us consider p € F the unique weak solution of

8t]5(t) — div (M(t(] - t)Vp( )) ( (t() - t) - Ud(to - t)) in (O,t()) X QS,
]3 on (O,to) X 895,
in {0} x £,.

0
=0

By the properties of the matrix M and as (u(to —t) — ua(to —t)) € F, this solution exists and is unique, see
Theorem 4.1 of Chapter 3 in [27]. By definition, it satisfies:

to to
/ <atﬁa > -1(Q), Hl(Q) dt+/ / M tO - t)Vp ch
/ / u(ty —t) —ug(to —t))  for all ¢ € L*(0,to; Hy(2)).

Let us choose specific test functions ¢ € E. Integrating by part in time the term depending on 9,p, also using
the fact that M is symmetric and that p(0) = 0, we get

t() t(J
—/ (010, D) -1 (), 113 Q)dt+/ /M (to — )V Vp+/ p(to)e(to)
/ / u(to —t) —uq(to —t)) forall p € E.
Q

Now introduce pf(t) = p(to —t) and o' (t) = ¢(to — t), we get using the change of variable ¢ — tq — t:
to
|0 ) sy +/ / MOV -+ [ 500610

to
/ / (u —ug) for all @'

In view of (4.12) and the uniqueness of the solution (p,q) € F of (4.10), this shows that pf = p and
q = p'(0) = p(0). Also, the adjoint p has the higher regularity p € E since p! € E, therefore we can integrate

(4.13)
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by part (4.12) in time which yields

to tO
*/0 (Oip, 0) -1 (). 11 () dt+/0 /QMVSO'VPJF/QP(%)(P@O)

. (4.14)
0
:—/ /(p(u—ud) for all p € E.
0o Jo
Finally, using the fact that M is symmetric we obtain (4.11). O
4.1.2. Adjoint for the second cost function
The second cost functional J; : P(D) — R we consider is given by
1 2
J2(Q) = 5 (u(to) — uq)?, (4.15)
Q

where ug € H'(D) is a given function independent of time. Proceeding in a similar way as in the previous
subsections, using the change of variables Q 3> x — Ts(z) € Q4 in J2(Qs), we introduce the auxiliary function

B@m%=%AW%%ﬂmﬂD%@~ (4.16)

We compute

<mm@pﬂzmawmwzéﬂmwm—w»

Thus the linear form B(u) € E* can be identified with d;, @ (u(to) — uq)|q, where d;, is a Dirac measure at time
to. Here ® stands for the tensor product of distributions.
Then, the adjoint state is the unique solution (p,q) € F' to the equation

(A*(9,9), ) g p = — (B(w),9) g p  forall p € E. (4.17)

Again, we seek an explicit expression of the adjoint equation.

Lemma 4.5. The solution (p,q) € F of (4.17) satisfies p € E = L?*(0,to; H3(2)) N H*(0,t0; H-*(Q)) and
q = p(0), and is the unique weak solution of the following backwards parabolic equation with terminal condition:

—Op —div(MVp) =0 in (0,t9) x £,
p=0 on(0,t) x 09, (4.18)
p=—(u(to) —uq) in {to} x .

Proof. The proof of this result is similar to the proof of Lemma 4.4, thus we only highlight here the main
differences. We define p € E as the unique solution to

to to o
/ (0D; 0) -1 (0,11 () dt"’/ /QM(to —t)Vp-Vp + /Qﬁ(OW(O)
0 0

= —/Qzﬁ(u(to) —wug) for all (p,1) € F.
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In particular we can choose specific test functions ¢ € E and 1[) = ¢(0) € L*(Q). Following the same steps as in
the proof of Lemma 4.4, this leads to

to to
—/0 <8tp’(pT>H*1(Q)><Hé(Q)+/O /QMVQOT-V])—&-/QP(to)sDT(to)

(4.19)
__ / o (to) (ulto) — ug)  for all o' € E.
Q
This shows that p € E is the unique weak solution of (4.18) and ¢ = p(0). O
4.1.3. Shape derivative of cost functionals
First of all we provide the equation for the material derivative. In view of (4.5)—(4.6) we have
to tD
(A(s,0), V) pe 7 = /0 (€(8)0up, 1) -1 (), 12 () +/ / M(s, Ms(t)) Ve - Vipy
(4.20)

/Q ©(0)2€(s) / /f P1€(s /9951/125(5)7

where ¢ € E, ¢ = (11,%2) € F and M, is defined in (4.4). In view of (4.4) we have 0,M|,_, = (DM)6 where
DM € R¥*xd ig a third-order tensor. Thus, using Theorem 4.3 and Lemma 2.7 we compute

<L(u)aw>F*,F = <85-A(07u)7w>F*,F
to - to /
:/0 (Dt o1 div(0)) g1 g, H1(9)+/ /(M (0, M) + (DM)0)Vu - Vb, (4.21)
+/Q u(0)1)o div(6) / /w1Vf 0 + vy f div( )—/slngVg-Q—i—l/Jggdiv(H).

We have dyu € L2(0,T; H-1(Q), ¢ € L2(0,T; HH(Q)), Vu € L2(0,T;L3(Q)), Vi € L*(0,T; L*()),
u(0) € L2(Q2) and 15 € L?*(£2); hence we get indeed L(u) € F*. Then, the equation for the material derivative
uwelis

<Auaw>F*7F:_<L(u>7w>F*,F for 311¢€Fa

which corresponds to

to to
| @ittt [ M9V [ 00 = (L), o) forall v e F
0 0 Q Q

The partial derivative of B given by (4.9) with respect to s at (0,u) exists thanks to Lemma 2.7 and
ug € L?(0,to; HY(D)). Also, the partial derivative of B given by (4.16) with respect to s at (0,u) exists thanks
to Lemma 2.7 and ug € H' (D). Consequently, using the result of Theorem 4.3, we can apply Theorem 2.8 and
(2.7), which yields, in view of (4.9) and the fact that p € F is as shown in Section 4.1.1,

41 (9)(0) = /0 (O, dV(O)D) 11 01 () / ' / (M (0, M) + (DM)8)Vau - Vp
+/Qu(0 0) div(0 / /pr 0+ pfdiv(d) — / p(0)Vg -6+ p(0)g div()
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to 1
+/ / —(u —ug)Vug - 0+ = (u — ug)* div(6).
0o Jo 2

Gathering these results and using u(0) = g|q, we obtain the following.

Proposition 4.6. Let Q € P(D) be of class C?, 6 € C2(D,RY), f € L?(0,ty; H'(D)), g € HY(D), uq €
L%(0,to; HY(D)), and M € C*([0,to] x D,R¥*?) be symmetric and uniformly positive definite. Then, the shape
derivative of the cost functional (4.8) subject to the constraint (4.1) is given by

to
0 Q
with Sy € L*(Q,R%), S; € LY(Q,R¥*9) defined as

to
So = —p(0)Vg + DMTVqu — (u—uq)Vug — pVf,
0

to 1
S1 = / —Vp® MVu—Vu® M Vp+ [MVu-Vp—I— §(u—ud)2 —pfl Iq,
0
and the adjoint p is the solution of (4.11).
Proof. Using Definition 2.1 of the transpose for third-order tensors, we obtain
(DM)0Vu-Vp =DM VuVp- 0.
Then, using Lemma 2.7, the tensor relations of Lemma 2.2 and divf = I; : DO we get

M (0, M)Vu - Vp = div(d)MVu-Vp — DOMVu-Vp — MDO"Vu - Vp
=[-Vp® MVu—Vu® M"Vp|: DO+ [MVu-Vp|I,: DI.

Proceeding in a similar way for the other terms in d.J;(€2)(0), we obtain (4.22). The regularity of S; and Sy is
an immediate consequence of u,p € E and the regularity assumptions on M, f, g and ug. O

In a similar way we compute

I (9)(0) = /0 " v, div(0)p) @ + / / (0, M) + DMO)Vu - Vp
+ /Q u(0)p(0) div (6 / / pVf-0+pfdiv(d) — / p(0)Vg -0+ p(0)gdiv(d)
+/Q (u(to) — uq)Vug - 6 + 2( u(to) — ug)? div().
Using u(0) = g|q, this yields the following result, whose proof is similar to the proof of Proposition 4.6.
Proposition 4.7. Let Q € P(D) be of class C%, § € C3(D,R%), f € L?(0,to; H(D)), g € HY(D), uq € H*(D),

and M € C([0,to] x D,R¥*?) be symmetric and uniformly positive definite. Then, the distributed shape
derivative of the cost functional (4.15) subject to the constraint (4.1) is given by

to
dJ5(Q)(6) = / (Ovtt, div(O)P) g1+ ) 13 0y + / So -0+ 8, : DO, (4.23)
0 Q
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with So € LY(Q,RY), Sy € LY (Q, R¥*?), defined as

to
So = —p(0)Vg — (u(ty) — ua) Vug + / DMTVuVp - pV/,
0
to

1
S, = 5(u(to) —ug)’Iy+ | —Vp® MVu—Vu® M "'Vp+ [MVu-Vp—pf] 1y,
0

and the adjoint p is the solution of (4.18).

Remark 4.8. In Section 3.4 of [33] the material and shape derivatives of the solutions to parabolic problems
with Neumann and Dirichlet conditions were investigated in the particular case M = I;. The results of this
section generalize the results of Section 3.4.2 in [33] and give a new perspective on the duality between the
material derivative % and the adjoint p in the parabolic case.

5. COMPARISON WITH OTHER METHODS

5.1. Comparison with the averaged adjoint method

In this section we study the relation between Theorem 2.8 and the averaged adjoint method (AAM) introduced
in [34]; see also [10, 11, 16, 25, 36] for variations and extensions of the AAM. Let Q € P(D), 0 € C%(D,R%), the
associated flow Ty : D — D and Qg := T5(Q) be defined as in Section 2.2. Suppose that F, F' are Banach spaces
with F reflexive, that G has the form (2.5) and that A : [0, s1] X E — F™*. Recall that the shape functional is
defined as

J(Qs) = G(s,u®,9) = (A(s,u®),¥) = F + B(s,u®) for all ¢ € F.

Although the AAM is formulated with weaker assumptions in [34], we recall here a more compact version,
adapted from [25], which is still quite general and easier to compare with our approach.

Theorem 5.1 (Averaged adjoint method). Assume that for every (s,1) € [0, s1] X F we have that

(H1) the mapping [0,1] 2 n+— G(s,nu® + (1 — n)u’,+) is absolutely continuous;
(H2) the mapping [0,1] 3 n — (0,G(s,nu® + (1 — n)u®, ), @) g« & belongs to L*(0,1) for every ¢ € E;
(H3) there exists a unique averaged adjoint p* € F' solution of the averaged adjoint equation

1
| (@8t + (=), 5).0) .y A =0 ¥ € E: (5.1)
0
(H4) we have

hm g(87u0aps) - g(oau07ps)
sN\O0 S

= 0,G(0,u", p°). (5.2)
Then J is shape-differentiable and it holds that
dJ(2)(8) = 3sG(0,u’, p°).

On the one hand, we observe that conditions (H1) and (H2) are stronger with respect to B than the conditions
of Theorem 2.8, as they also implicitly require the absolute continuity of [0, 1] 3  +— B(s,nu® + (1 — 7)u°) and
the integrability of [0, 1] 2 n — 9,B(s, nu® + (1 — n)u; $). On the other hand, the conditions of Theorem 2.8 are
stronger with respect to A, as Theorem 2.8 requires A € C'([0,s1] x E, F*) whereas condition (H1) implicitly
requires the absolute continuity of [0,1] 3 n — (A(s,nu® + (1 — n)u°),v) p+ r. In any case, conditions (H1)
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and (H2) are usually easily verified in practice, so that (H3) and (H4) are in fact the interesting conditions to
compare with the conditions of Theorem 2.8.

For the sake of comparison we assume that the conditions of Theorem 2.8 and (H1)—(H3) of Theorem 5.1 are
satisfied. Then, the averaged adjoint p® is the solution to

1

1
/0 (O Als, mu® + (1 — ) (@), %) e dy = — /0 (O,B(s,mu’ + (1 — ), Q) pdn, Vo e E.  (5.3)

Note that for s = 0, the averaged adjoint p° is the solution to
(05 A(0,u%)(9), 2°) e, p = —(9,B(0, "), §) - for all @ € E, (5.4)

therefore it coincides with the adjoint p defined in (2.8).
Now let us check condition (H4) of Theorem 5.1. We compute

0 s\ _ 0 s 0 S\ o, _ 0 S\ o, 0y _ 0
lim g(svu , P ) g(ovu D ) — lim <A(87u )7p >F ,F <A(Ovu )7p >F F + lim B(S,’LL ) B(Oau )
sN\0 S EAN) S sN\0 S

T -A(Sa UO) - A(07 U’O) s 0
_21{1%< S ,P°)Fe F + 0sB(0,u”).

In practice, this limit is often computed by proving the strong convergence (A(s,u’) — A(0,u°))/s — 95.A(0,u°)
in F*, and the weak convergence p® — p° in F, see for instance [10, 15, 34], which yields

0 s\ _ 0 s
hm g(svu 7p ) g(()?u ’p )

sN\0 S = <8SA(OauO)ap0>F*,F + 856(0,11,0) = asg(o’uo’po)’ (55)

and in this case Theorem 2.8 can also be used.

However, the limit (5.5) can also be obtained by proving the weak convergence (A(s,u") — A(0,u%))/s —
95A(0,u") in F* and the strong convergence p® — p° in F', and in this case Theorem 2.8 cannot be used. A
simple example illustrating this approach is presented in Section 5.2.

We gather from this comparison that when A € C'([0,s1] x E, F*), which usually is a consequence of having
sufficiently regular data, Theorem 2.8 can be applied and there is no need to introduce and study the averaged
adjoint and to prove the weak convergence p® — p°, which sometimes leads to lengthy proofs, particularly
when A(s, ) is non-linear in ¢; see for instance [15, 26, 34]. The other advantage is that the relations between
the adjoint, the material derivative and the shape derivative of the cost functional appear clearly when using
Theorem 2.8. However, Theorem 2.8 cannot be applied when A is less regular and is only weakly differentiable
with respect to s, whereas the AAM can be applied in this case. Thus, we conclude that the AAM is a very
versatile approach which is well-suited for singular situations, as shown in [10], but for smoother scenarios the
approach based on Theorem 2.8 and the implicit function theorem is more straightforward. We also mention
that the AAM was extended recently to even more singular frameworks such as nonsmooth cost functions [35]
and topological derivatives [16, 36].

5.2. Comparison with a variational approach to shape derivatives

It is interesting to revisit a counter-example that was presented in Section 3.5 of [22], where Q) is assumed to
be in R? and of class C*'. We investigate how this simple example fares with Theorem 2.8 and with the AAM.
Our setting is Q € P(D), E=F = H}(Q), E* = F* = H 1(Q), § € C}(D,RY), f € L%(D), f* := f o Ts. Define

(A(s,0), ) e 1= /Q M(s,12)V - Vb — Fe(s),
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B(s,p) := /QM(S,Id)Vip -Vo.

Here A is associated with the Poisson problem with Dirichlet conditions and B with the cost function
J(Q) = / V.
Q
Then it is clear that
(At = O AO@) ) e = [ T 90,

and A: E — F* is an isomorphism. In this case we have A = A* so we immediatly get the following adjoint
equation

(A*p,9)p+ g = —(B(u),p)p~g forall p € E,

which is
/ Vo Vp = —2/ Vu-V¢  forall ¢ € HJ(Q).
Q Q

This implies p = —2u.

First of all when f is only in L?(D), then using Proposition 2.39 of [33] we have that s — f® is weakly
differentiable in H~1(D), but s — f* is not strongly differentiable in H~!(D); see the counter-example in page
73 of [33]. So in this case we cannot show that A € C1([0,s1] x E, F*) and Theorem 2.8 cannot be applied.

Now if f € Wh4(D) with ¢ > 1 and d = 2, then s — f* is strongly differentiable in L4(D). Let us define
F(s) € HY(D) as

F(s): HY(D) 34 /D <f€(5)_f - div(f0)> .

S

Due to the Sobolev embedding HE (D) c LY (D) for all 1 < ¢’ < oo in two dimensions, we have ¢ € L4 for all
1 < ¢ < co. Using Hoélder’s inequality, with 1/g + 1/¢' = 1, and the fact that s — f* is strongly differentiable
[F(s)lg-1p) =  sup

in L4(D) for ¢ > 1 we obtain
fEs) - f . ) ‘
) = F i
. /D < s iv(f0) ) v

1/¢ s
a Mfd'v 0
SHW\:;(F;):l </D 1 > </p‘ P iv(f0)

—0 as s—0

q> 1/q

where C' > 0 is the norm of the inclusion H}(D) < LY (D). Hence lim,_,0 IF(s)|lzz-1(py = 0 and we can show
that A € C1([0,51] x E, F*) in a similar way. Thus, in this case Theorem 2.8 can be applied and u has a material
derivative @ € H}(€) which is the unique solution of

<C

(Ai, ) p« p = —(L(u),¢)p~ r for all Y € F,



28 A. LAURAIN ET AL.

which means
/ Vu -V = —/ M0, 14)Vu - Vip — div(f)y for all ¢ € Hé(Q).
Q Q

Now if f € W14(D) with ¢ > 1 and d = 3, then s — f* is strongly differentiable in L4(D) but we only have
Y e L forall 1 <q <6.Duetol/q+1/¢ =1, this implies that we can prove lim,_,q |1F'(s)|| -1 (py = 0 and
A € CY([0,s1] x E, F*) only for ¢ > 6/5. This shows that, for f € W14(D) with ¢ € (1,6/5) in three dimensions,
we cannot apply Theorem 2.8 due to the condition A € C([0, s1] x E, F*).

We actually obtain the same restriction ¢ > 6/5 as in the counter-example of Section 3.5 in [22]. However,
the perspective in [22] is different: it is shown that the shape derivative of J(2) exists and can be computed
with the method of [22] for f € Wh4(D), with ¢ € (1,6/5), even though the shape derivative v’ defined by
u' =1 — Vu -0 does not exist (in the sense that it is not in H'(Q)). Our approach shows that the lack of strong
differentiability of s — f* precludes the application of the implicit function theorem in Theorem 2.8, and also
the existence of a strong material derivative %. In fact, in this case it is known that the weak material derivative
U exists, see Corollary 2.81 of [33]. This indicates that a central issue to prove the shape differentiability of J()
is the question of the weak or strong material derivative 7, rather than the existence of the shape derivative u/'.

To complete the comparison we discuss how the AAM can be applied to this example. We assume that
Q € P(D), f € Wh(D) with ¢ € (1,6/5) and d = 3, i.e., precisely the conditions under which Theorem 2.8
cannot be applied. First of all, it is easy to compute the variational formulation corresponding to the definition
(5.3) of the averaged adjoint p®:

Vp* Vo =— [ M(s,1;)V(u* +u°)-V$  forall ¢ € Hi(Q).
Q Q

Taking the difference between the above equation and the same equation at s = 0, and choosing the test function
$ = p* — p° leads to the estimate

IV(0® = °)lz20) < [IM(s, L)V (u® + u®) = 2Vu| 2. (5.6)

Now we provide a similar estimate for the gradient of u®. The solution u® satisfies
0= [ Ms,1)Vu -6 = fo0g(s) = [ Fut-To+ (M5, L) = L)V - Vo = Fue(s).
Q Q

Then, taking the difference between the above equation and the same equation at s = 0, using M(0, I4) = I,
and choosing the test function ¥ = u® — ug we obtain

0= /QV(us —u®) - V(u® —up) + (M(s, 1) — 1) Vu® - V(u® — ug) — (u® — uo)(f*E(s) — f).

Then, using the Poincaré inequality one obtains

IV (u® = u®) |72y < IM(s, 1a) = Lall oo (2 | V|| L2 () IV (0 = 6) ]| 2o
+ Call £°6(s) = fll2@ IV (u® — u®)| L2(q),

where C > 0 is the constant coming from the Poincaré inequality. Finally, dividing by ||V (u® — )| 12(q) we
obtain the estimate:

IV(u® = u”)llL2@) < IM(s,1a) = Lall =@ I VU7l 2(0) + Call f76(5) = fllL2()-



AN ABSTRACT LAGRANGIAN FRAMEWORK FOR COMPUTING SHAPE DERIVATIVES 29

Using the convergences of M(s, I4), {(s) and f* and the uniform boundedness of ||Vu®||z2(q) we obtain the
strong convergence u® — u in HE (), which in turn yields the strong convergence p* — p in Hg () via (5.6).
Then we have
0\ _ 0 I) =1 0, s s _ s
hm<A(87u ) A(O,’LL ),PS>F*,F — lim (M(S7 d) d)vu vp _ (f 5(8) f)p
sN\O0 S sNO Jo S S

= /QM’(O,Id)Vu -Vp —div(0) fpdx — (Vf - 0,p>H,1(Q)XH%(Q) ,

where we have used the weak differentiability of s — f° in H~!(D) and the strong convergence p® — p in
H} (). We conclude that in the case f € Wh4(D) with ¢ € (1,6/5) and d = 3, the AAM can be applied even
though Theorem 2.8 cannot, at the cost of proving the strong convergence of the averaged adjoint p® — p in F.
We also observe that the weak convergence (A(s, u®) —A(0,u%))/s = 95.A4(0,u°) in F* = H~1(£2) that we have
used to apply the AAM is directly related to the existence of the weak material derivative u, which is proven
in Corollary 2.81 of [33].

Finally, we compute the shape derivative of J(£2), Q € P(D), in the case where Theorem 2.8 can be applied,
i.e., for f € W14(D) with ¢ > 6/5. Using p = —2u and (2.7), we obtain

dJ()(8) = / M'(0,14)Vu - Vp —div(f0)p+ M'(0,14)Vu - Vu = / 2div(f0)u — M'(0,1;)Vu - Vu.
Q Q
The shape derivative can also be written in tensorial form as
dJ(Q)(0) = / So -0+ 51:D86.
Q

with Sy = 2uVf and S; = 2Vu ® Vu + (2fu — |[Vu|?)I4. When  is of class C!, using Proposition 4.3 of [25]
we immediately obtain the following boundary expression, also known as Hadamard formula:

as@(o) - |

(Sin-n)f-n= / |Onul?0 - n.
a0 a0
which yields the same formula as in Section 3.5 of [22].

We conclude that when applicable, Theorem 2.8 allows us to quickly obtain the material derivative equation,
the adjoint equation, the distributed shape derivative when 2 has low regularity, and the corresponding boundary
expression when  is C!; compare with the development in Section 3.5 of [22]. Nevertheless, the condition
A € CL([0,s1] x E, F*) imposes a restriction on the regularity of the right-hand side f. Also, this issue cannot
be resolved by using the framework of Section 3.3, i.e., by using a larger space E, since the cost functional cannot
depend on Vu in this case. Based on this observation, an interesting direction for further research would be the
application of a weak form of the implicit function theorem in the spirit of Theorem 4.1 in [13] or Theorem 2.1
in [37], which does not require A € C*([0, s1] x E, F*), and would allow to exploit the weak differentiability of
s+ f5in H-1(D).
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APPENDIX A.

A.1 Second-order chain rule

Here we prove the following result (we also refer to Lem. 2.62 of [33] for other formulas for transport of
differential operators).

Lemma A.1. Let ¢ € H*(D) and 6 € C2(D,R%). Then we have s — [A(y o T 1) o Ty € CL([0, 51], L3(D)) and

Os([D*(W o Ty )] 0 Ts)|s=0 = —DOT D*p — D* DO — D*0T V), (A1)
Ou([A@Wp o Ty 1) 0 Tu)|smo = —2D%) : DO — (AD) - V. (A2)

Let ¢ : R — R, F € C*(D,R%), G € C*(D,R%), and introduce the first and second-order differentials
d(ipoG) : R = L(R? R) and d*(¢ o G) : R — L(R?, L(R4, R)). The chain rule yields, with H € R?,

d(¢ o G)(z)(H) = dy(G(x))(dG(x)(H)),
and

d*(¢ 0 G)(x)(H, Ha) = d(d(y o G)(x)(H1))(Hz) = d(dy)(G (2))(dG (x)(H1))) (Hz),
= d*¢(G(2))(dG(x)(H1), dG(2)(H2)) + dy(G(x))(d*G (z) (Hy, H2)),

with Hy, Hy € R?, and where d?G : R — L(R?, £L(R4, RY)). Thus d?G(z) € L(RY, L(R?, R?)) = R¥*9*d and
we can identify d?G(z) with a tensor of order 3 denoted by D2G. To be more precise we have

d?G(z)(Hy, Hy) = D*G(z)H, Hy € R,

and the entries of the tensor D2G are (D?G);j, = (0;1G;). By symmetry of second-order derivatives, we have
the property

D?G(z)H,Hy = D®G(2)HyH, € RY,

and we say that D2G(x) is right-side symmetric; see [31].
Thus, we have (see Section 2.1 for the definition of the transpose of a third-order tensor),

(G (2))(d*G(a)(Hy, Hz)) = Vip(G(a)) D*G(a) Hi Hy = V(G (x)) D*G (x) H2 H,
= H,D?G(z)"H V(G (x)) = (D?*G(x) "V(G(x)))Hy - Hy.

Note that D2G(x)TV¢(G(z)) is a symmetric matrix.
For the other term we have

d*P(G(x))(dG (x)(H), dG(x)(Hs)) = D*)(G(x)) DG () Hy - DG(x)Ha
= DG(x)" D*y(G(x))DG(x)H; - Hy.

Thus we have found

d*(¢ 0 G)(x)(Hy, Hy) = DG(x) " D*¢(G(2))DG(x) Hy - Ha + (D*G(2) V(G (x))) Hy - Ha,
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so we can identify d?(y) o G)(z) with the second-order tensor
D*(4 0 G)() = DG(x)" D*$(G(x)) DG(x) + D*G(2) V(G (x)),
and we immediately get
Ay 0 G)(z) = tr(D*(¢ 0 G)(x)) = tr(DG(2) " D*Y(G(2)) DG(x)) + tr(D*G(2) T Vih(G(2))).
Now suppose that G = F~1, then G o F(z) = z and D(G o F)(z) = I; which yields

DG(F(z))DF(z) = 14

or equivalently DG o F = DF~!. Using this property we compute

[D* (Yo G)|o F = (DG'D* o GDG) o F + (D*G'V¢poG)o F
= DF "D*YDF~! + D2G" o FV4.

(A.3)
In a similar way we have d(G o F)(z)(H) = dG(F(z))(dF(z)(H)), and then
0=d*(GoF)(z)(Hy, Hy) = d*G(F(x))(dF(z)(H,),dF (z)(Hy)) + dG(F(x))(d*F(z)(Hy, Ha)).
Note that d?(G o F) = 0 since we have (G o F)(z) = x. Thus we obtain
d*G(F(x))(dF (x)(H1),dF (x)(Hs)) = —dG(F(2))(d*F (z)(Hy, Hz)),
or equivalently
D?G(F(x))[DF (x)(H1)][DF (x)(H2)] = —DG(F (z))(D*F (x) H, Ha).
Alternatively, introducing H, := DF(x)(H,) and Hy := DF(z)(Hs), we can write this relation as

DG o FH\Hy = —DG o F(D*F[DF~'(H,)|[DF ' (H,)])

— —DF{(D*FIDF\((,)][DF " (E)]).
Now we identify F' = Ty and G = T, !, this yields
D*(T; ') o Tl Hy = DT (D*T[DT, (H))|[DT; ' (Ho)]). (A4)
Using (A.3) we obtain

[D2(¢ o T; M) o Ty = DT, TD* DT + DT )T o T, VY, (A.5)

and then [A(¢ o Ty )] o Ty = tr(DT; TD?*¢ DT 1) + tr(D*(T; 1) o T, V). Using ¢ € H?(D), (A.4) and
Lemma 2.7, this shows that

s [A@o Ty M) o Ty € CH[0, s0], L*(D)).
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We have then 0,DF|s—¢9 = D8 and 9;DG|;—9 = —D@. Note that since F(z)|s—0 = Tp(z) = z, we have
DF(x)|s=0 = DTy(x) = I and D?*F(z)|s=0 = D*Ty(x) = 0. Using this we obtain

9s(D?*G o F)|s—oH1Hy = [-DF Y (8,(D*F)[DF Y (H,)|[DF~*(H>)])]|s—0 = —D?*0H, H,.
Now, differentiating (A.5) we get

s([D*( 0 G)] 0 F)|s—g = Os(DF T D?*YpDF )| ;—g + 05(D*GT 0 FV)|s—0
= —DOT"D?*) — D>y DO — D*9TV1),

and then

Is([A(p 0 Q)] 0 F)|s—o = — tr(DOT D%*¢)) — tr(D*pDO) — tr(D?0T V1)
= —2D?%) : DO — tr(D*0T V).

Finally, using Einstein summation convention and (D?@7);;; = (B?jﬁk), we compute D207V = 8%9k8kw. This
yields

tr(D20TVy) = 020,01 = (A9) - Vi, (A.6)

and completes the proof.

A.2 Proof of Proposition 3.4

In order to prove Proposition 3.4 it is enough to show that 9;8 and 0,8 exist and are continuous ([1],
Thm. 4.3).

Proposition A.2. The function 9sB : [0,s1] x L?*(Q) — R exists and is continuous. It is given by
0sB(s, ) = ; VaF (Ts(z), p(2)) - 0sTs(2)€(s) + F(Ts(), ()€ (s).

Proof. The argument is similar to Section 1.3.2 of [3]. We know that (s, z,r) — F(Ts(z),r)&(s) is a C* function.
For ¢ € L?() we consider

F(Torn(@), p(x))€(s + h) = F(Ts(x), p(2))E(s)
- :

G(s,h,x) =
By the chain rule, it is clear that, for almost every = € §2, we have
lim G(s, h, ) = Vo F(T5(2), (@) - 0:To(2)€(s) + F(T5 (), ()€ ().
The mean value theorem and our assumptions (3.12)—(3.13) on F also imply that

|G (s, h,2)| < co+ cro(x)?,
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for some positive constants ¢y and c;. As ¢y + c1()? is integrable, Lebesgue’s dominated convergence theorem
implies that

lim

h—0

/ F(Tayn(x), o(x))€(s + h) — F(Ts(x), p(2))E(s)
Q h

_ / Vo F(Ta(w), 9(2)) - OuTu(2)€(s) + F(Tu(x), 9(x))E (5).

This shows that 9,8 exists.
In order to prove its continuity at an arbitrary point (sg,¢o) in [0,s1] x L?(Q2), we consider an arbitrary
sequence ((s;, <pj))j that converges to (sp, o). The continuity follows by showing that there is always a sub-

sequence ((sj,,¥;,)), such that 0,B(sj,,¢;,) converges to JsB(so, o). Such a subsequence can be found
recalling that we can always find a subsequence and a function o € L?(Q) ([32], Thm. 3.12) such that
limy 00 @, () = o(2), a.e. € Q, and |p;, (z)| < |o(x)| for almost every « € Q and all k € INy.

These conditions imply that, for almost every = € €,

lim (V,F(Ty,, (@), 95, (2)) - 0T, (2)8(s5,) + F(Tay, (), 05, ()€ (55,

k— o0

= Vo (Ts, (), po(x)) - 0sTs, (2)€(s0) + F(Tiy (), 00 ()€ (50)

and

Vo F (T, (@), 94, (0)) - 0T, (0)€(53,) + F(Tyy, (), 05 (@))€ (55,)

< ¢+ c1j, (az)2 <co+ cla(a:)2.

Then, Lebesgue’s dominated convergence theorem implies that

lim [ Vo F (T, (%), 05, (2)) - 0T, (2)€(s5,) + F(Ts,, (), 05 ()8 (s5)

k—o0 Q

Z/QVaf(TsO(fv)wﬂo(x))'55T50(x)§(80)+f(TsO($)7<ﬂo(w))€’(80)~

That is, limg o0 0sB(S;,, ¢, ) = 0sB(S0, ¥0)- O

Proposition A.3. The function 0,8 : [0,s1] x L*(Q) — L*(Q) ezists and is continuous. Moreover

(0.B(s,90), #) L2(Q)*,L2 () =/Q3r]:(Ts($)a90($))¢($)§(5)~

Proof. In view of Theorem 2.6 in [9], our assumptions for the function F imply that the function S defined
below is C':

L2(9) 3 ¢ S F(Ty(x), p(x))&(s) € LH(Q).

As e L' 7 fQ 1 is continuous and linear, we conclude that ¢ — B(s, ) is C! as it is equal to 7 o S. The
expression of the derivative also follows from Theorem 2.6 in [9]. Its continuity follows using the same arguments
of Proposition A.2. O
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